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3.3 THEOREM. A mapping T': E > E' is continuous if and only if 7B is an open 3.27 THEOREM. LetT: E ~ E' be continuous. If E is compact, then T is uniformly
subset of E for every open subset 3 of E'. continuous.

(FBg)

PROOF. Fix ¢ > 0. We scarch for 6 > 0 that will fulfill the condition for uniform
B. Compactness and Uniform Continuity continuity. Since T is continuous, for each  in E there is 6(z) > 0 such that

As before, E, E', eic. are metric spaces with metrics d, d', etc. This section is on .
the effect of compactness on continuity. 3.28 d(z,y) < 8(z) = d'(Tz, Ty) < /2.
) . . ) The collection of open balls B(z, (z)/2), z € E, covers E. Since E is compact,
?'23 Ul A N R PR T E R T LA there must exist a finite number of them, say those corresponding to @1, ..., T, that
is a compact subset of E’. cover E. Define

V8(@n)}-

that D is compact. Let {B; : i € I} be a collection of open subsets of £ that covers
D. Then, the continuity of T implies via Theorem 3.3 that the sets 4; = T~'B;. Then, § > 0 and it remains to show that this § works. Let z,y in E be arbitrary and
i € I, are open. Moreover, {A; : ¢ € I} covers E: if z is in E then Tz is in suppose that d(z, y) < 4. By the way the 21, ...,z are chosen, there is an ¢ such
D, and hence, Tz is in B; for some 4, which implies that z is in the corresponding that zis in B(z:. 6(x:)/2), that is,

A;. Now the compactness of E implies that there exists a finite subset J of I such

that {4; : i € J} covers E. Thus, if z € E, then x € A; for some 7 in J and (1) < So(a).

therefore Tz € B; for some @ in J. Thatis, {B; : i € J} covers D. So, D must be ’ 2

compact. o

PROOF. Let D C E' be the range of 7. Assuming that £ is compact, we need to show I

Moreover, for the same 4,
(i)

1
d(y, ) < dly, z) + d(@, @) < 6+ 0(x:) < blai).
3.24 COROLLARY. Let E be compactand f: E > R continuous. Then, f is bounded (v, @) < d(y,2) + dl@,21) < 6+ 59(24) < 5(a)
and attains a maximum and a minimum. B
Thus, d(z. z;) < 8(z:) and d(y, 2:) < 3(ax), which by 3.26 imply that
(RE)

Uniform Continuity

Recall the definition of continuity: a mapping T': E  E is continuous provided
that for every  in E and every e > 0 there is a number § > 0 (depending on z and
€ such that d(z,y) < & implies d'(T, Ty) < e for all y in E. The import of the
following is to remove the dependence of 6 on z.

&(T2,Tz;) < /2, and &'(Ty, Tz) < /2.

Thus, &'(Tz, Ty) < e by the triangle inequality. o

[H#) E. Ginlar and R. Vanderbei, Real aud convex analysis.

Undergrad. Texts Math. Springer, New York, 2013,

3.25 DEFINITION. A mapping T: E ~ E’ is said to be uniformly continuous pro- P48, pp52-64 X5
vided that for every € > 0 there is a number § > 0 such that

z,y€E, dzy)<d = dT2.Ty) <e
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